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Castelnuovo-Mumford regularity bound for
smooth threefolds in P5 and extremal examples
By Si-Jong Kwak at KIAS
Abstract. Let X be a nondegenerate integral subscheme of dimension n and
degree d in PN defined over the complex number field C. X is said to be k-
regular if Hi(PN ,IX(k − i)) = 0 for all i ≥ 1, where IX is the sheaf of ideals
of O
PN
and Castelnuovo-Mumford regularity reg (X) of X is defined as the least
such k. There is a well-known conjecture concerning k-regularity: reg (X) ≤
deg (X) − codim (X) + 1. This regularity conjecture including the classification
of borderline examples was verified for integral curves (Castelnuovo, Gruson,
Lazarsfeld and Peskine), and an optimal bound was also obtained for smooth
surfaces (Pinkham, Lazarsfeld). It will be shown here that reg (X) ≤ deg (X)−1
for smooth threefolds X in P5 and that the only extremal cases are the Segre
threefold and the complete intersection of two quadrics. Furthermore, every
smooth threefold X in P5 is k-normal for all k ≥ deg (X) − 4, which is the
optimal bound as the Palatini 3-fold of degree 7 shows. The same bound also
holds for smooth regular surfaces in P4 other than for the Veronese surface.
0. Introduction.
Let X be a projective variety of dimension n and degree d in PN defined over
the complex number field C. X is said to be k-normal if the homomorphism
H0(PN ,OP(k))→ H
0(X,OX(k))
is surjective, i.e., hypersurfaces of degree k cut out a complete linear system on
X . We know that X is k-normal for all k >> 0. It would be very interesting to
find an explicit bound k0 in terms of its invariants such that X is k-normal for
all k ≥ k0 for all nondegenerate projective varieties.
On the other hand, as D.Mumford defined, we say that X is m-regular
if Hi(PN , IX(m − i)) = 0 for all i ≥ 1, where IX is the sheaf of ideals of
OPN . It is easy to check that X is (m + 1)-regular if and only if X is m-
normal and Hi(X,OX(m − i)) = 0 for all i > 0. Let’s define reg (X) to be
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min{m ∈ Z : X is m-regular}. More generally, for a coherent sheaf F on PN , F
is m-regular if Hi(PN ,F(m− i)) = 0 for all i ≥ 1 and reg (F) is defined
by inf{m ∈ Z : F is m-regular}.
We know that if X is m-regular, then the degrees of the minimal generators
of the saturated ideal IX defining X are bounded by m and hence there is no
(m + 1)-secant line of X .(More generally, the degrees of generators of the i-th
module of syzygies are bounded by m+ i [EG].)
Furthermore, the Hilbert polynomial and the Hilbert function of X have the
same values for all k ≥ m− 1.
Regularity conjecture [EG], [GLP].
(1) X is m-normal for all m ≥ d− codim (X).
(2) X is m-regular for all m ≥ d− codim (X) + 1, i.e.,
reg (X) ≤ d− (N − n) + 1.
In addition, the problem classifying all extremal examples which make the
bound best possible has been one of interesting themes along these lines.
Historically, the curve case in P3 was first proved by Castelnuovo in 1893 [C]
and his result was completed by Gruson, Lazarsfeld and Peskine in 1983 [GLP],
where they proved , by using vector bundle techniques, that every integral curve
X of degree d in PN is (d− codim (X) + 1)-regular. They also made the list of
all extremal curves which fail to be (d− codim (X))-regular
For smooth surfaces, bounds are obtained in [P] and [L], where R. Lazarsfeld
got the optimal bound reg (X) ≤ (d − codim (X) + 1). For smooth threefolds
and smooth fourfolds, bounds are obtained in [K], where the author got the
following results: reg (X) ≤ (d − codim (X) + 2) for smooth threefolds and
reg (X) ≤ (d − codim (X) + 5) for smooth fourfolds. Note that these bounds
are off by 1 (resp., 4) from the conjectured bound. For arbitrary dimensional
smooth projective varieties, reg (X) ≤ min{e, n+1}(d−1)−n+1, e = codim (X)
by Bertram, Ein and Lazarsfeld [BEL]. In the case of arbitrary codimension two
smooth projective variety X of degree d in PN , Alzati [Al] got a better bound,
i.e., reg (X) ≤ (d+2)+ 1
2
N(N−1)−2N (especially, reg (X) ≤ d+ 1
2
N(N−1)−
(N − 1)[ (N+4)
2
], N ≥ 6) by using various facts on higher order normality and
vanishing theorems for an ideal sheaf due to Alzati and Ottaviani and recently,
Peeva and Sturmfels showed in [PSt] that reg (X) ≤ deg (X) for toric varieties
of codimension two. However, unfortunately, for smooth projective varieties
of dimension n ≥ 2, extremal examples with geometric interpretations has not
been classified yet.
The purpose of this paper is to give new bounds for regularity of smooth
threefolds in P5 and to classify extremal examples by using local cohomology.
Theorem 1. If a locally Cohen-Macaulay projective variety X of dimension n
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is contained in a hyperquadric Q in Pn+2 then X is either a complete intersec-
tion or projectively Cohen-Macaulay and linked to a linear space L ≃ Pn via a
complete intersection of Q and another hypersurface.
Theorem 2. Let X be a smooth threefold of degree d in P5. Then reg (X) ≤
d− 1. Furthermore, the only extremal examples are the Segre threefold and the
complete intersection of two quadrics.
Corollary 3. Any smooth threefold in P5 is k-normal for all k ≥ d − 4. The
Palatini scroll of degree 7 which is not 2-normal(see example 2.0.) shows that
this is the optimal bound. In addition, the same is true for regular surfaces in
P4 except for the Veronese surface.
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1. Basic background. In this section, we recall the definitions and well-
known results which are used in the following sections.
Lemma 1.1. Let F be a p-regular vector bundle on Pn and G be a q-regular
vector bundle on Pn defined over the complex numbers C. Then F⊗G is (p+q)-
regular and Sk(F) and
∧k
(F) are (kp)-regular.
Proof. See [L], p.428.
Let X be a locally Noetherian scheme, Y a closed subscheme of X , and let
F be a coherent sheaf on X . We define
depthY F = inf
x∈Y
(depthFx),
where x is not necessarily a closed point.
Consider the following left exact functor ΓY (X, ·) from the category of
sheaves of abelian groups to the category of sheaves of abelian groups, defined
by
ΓY (X,F)(U) = ΓY ∩U (U,F |U )
which is a subgroup of sections of F |U with support in Y ∩ U . Then the
p-th right derived functors of ΓY (X, ·) are denoted by H
p
Y (X, ·), p = 0, 1, · · · .
Similarly, consider the left exact functor ΓY (X, ·) from the category of sheaves
of abelian groups to the category of abelian groups, defined by F 7−→ ΓY (X,F)
which is a subgroup of global sections of F with support in Y . We denote the
p-th right derived functors of ΓY (X, ·) by H
p
Y (X, ·).
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Note that HpY (X, ·) is the sheaf associated to the presheaf
U 7−→ HpY ∩U (U,F |U )
and there is a spectral sequence HnY (X,F)⇐= E
p,q
2 = H
p(X,HqY (F)).
Theorem 1.2. Let X be a locally Noetherian scheme, Y a closed subscheme
of X, and let F be a coherent sheaf on X. Then the following conditions are
equivalent:
(1) HiY (X,F) = 0 for all i < n,
(2) depthY F ≥ n.
Proof. See [Gro] p.44.
We assume that X is a locally Cohen-Macaulay subscheme in PN over the
field C and (M i)(X) = Hi∗(IX) =
⊕
m∈ZH
i(PN , IX(m)) for 1 ≤ i ≤ dim (X)
and [(M i)(X)]C = HomC ((M
i)(X),C).
Theorem 1.3. Let X1, X2 ⊂ P
N have dimension n. Assume that X1 is linked
to X2 via a complete intersection X = Z(F1, F2, . . . , FN−n) with deg (Fi) = di.
Let d =
∑
di. Then
(1) (Mn−i+1)(X2) ≃ [(M
i)(X1)]
C(N + 1− d)
(2) We have an exact sequence
0→ IX → IX1 → ωX2(N + 1− d)→ 0
where ωX2 is the dualizing sheaf of X2.
Proof. See [Mi], Ch IV.
Theorem 1.4 (The (dimension+2)-secant Lemma). Let X ⊂ PN be a
smooth n-dimensional subvariety and let Y be an irreducible variety parametriz-
ing a family {Ly} of lines in P
N . Assume that, for a general Ly, the length of
the scheme-theoretic intersection Ly ∩X is at least (n+ 2). Then we have
dim (∪y∈Y Ly) ≤ n+ 1
Proof. See [Ran2].
2. Castelnuovo-Mumford Regularity for Smooth Threefolds in P5 and
Extremal Examples.
Throughout this section, we work over the complex number field C. A con-
jecture of R. Hartshorne (which is still open) states that any smooth n-manifold
X in Pn+2, (n ≥ 4) is a complete intersection, equivalently it is projectively
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normal. However, we have many examples of smooth non-projectively normal
surfaces in P4 and 3-folds in P5, some of which are defined scheme-theoretically
as the dependency loci of a morphism ϕ : F → G between vector bundles F and
G of rank m and m+ 1 on PN , respectively. In other words, let Hom (F ,G) be
globally generated and ϕ be a generic morphism. Then the morphism ϕ induces
(
m∧
(G))∨ ⊗ (detG) ≃ G
(
∧
m ϕ)∗
−−−−−→ (
m∧
(F))∨ ⊗ (detG) ≃ OPN (c1(G)− c1(F))
which fits into an exact sequence
0→ F
ϕ
−→ G → IX(c1(G)− c1(F))→ 0,
where X is the dependency locus of ϕ : F → G. By Kleiman’s Bertini-type
theorem [Klm], X is a codimension two subvariety in Pn and nonsingular away
from a subset of codimension ≤ 4 in X .
Examples 2.0. From the exact sequence
0→ Ω2
P5
(2 + t)→
2∧
(V )⊗OP5(t)→ ΩP5(2 + t)→ 0,
we know that ΩP5(2 + t) is globally generated for all t ≥ 0. Then, four generic
sections s1, s2, s3, s4 of H
0(P5,ΩP5(2 + t)) induce an exact sequence
0→ O⊕4
P5
ϕ=(s1,s2,s3,s4)
−−−−−−−−−−→ Ω1
P5
(2 + t)
(
∧
4 ϕ)∗
−−−−−→ IXt(c1(ΩP5(2 + t)))→ 0
where Xt is the dependency locus of ϕ. Xt is smooth by Kleiman’s Bertini-type
theorem [Klm]. By the formula [OSS] p.16,
ck(E ⊗L) =
k∑
i=0
(
r − i
k − i
)
ci(E) · c1(L)
k−i, r = rank (E), L a line bundle,
we get c1(Ω
1
P5
(2 + t)) = 4 + 5t, c2(Ω
1
P5
(2 + t)) = 10t2 + 16t+ 7 = deg (Xt), and
we can compute
h1(P5, IXt(k)) =
{
1, when k = 4t+ 2
0, when k 6= 4t+ 2
via the vanishing of hq(Pn,Ωp
Pn
(k)) [OSS]. So, Xt is k-normal for all k 6= 4t+2.
Note that X0 is called the Palatini scroll. It has degree 7 and sectional genus
4. According to a conjecture of Peskine and Van de Ven, it is the unique, non
2-normal, smooth threefold in P5.
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Theorem 2.1. If a locally Cohen-Macaulay, nondegenerate subvariety Xn ⊂
Pn+2(n ≥ 2) is contained in a hyperquadric Q, then X is either a complete
intersection or is projectively Cohen-Macaulay and linked to a linear space L ≃
P
n via a complete intersection of Q and another hypersurface.
Proof. By a suitable change of coordinates, we may assume that Q is defined
by a homogeneous polynomial x20 + x
2
1 + · · ·+ x
2
k of rank k + 1. Let’s consider
all cases according to rank (Q).
Case I: rank (Q) = k + 1 ≥ 5. In this case, X is a complete intersection. See
[H2], exercise II.6.5(d), Klein’s theorem.
Case II: rank (Q) = 4. Then Q is the cone over a smooth quadric surface Q1 in
P3 with vertex Λ ∼= Pn−2. Let U = Q− Λ. Then X − Λ is a Cartier
divisor of U , so IX/Q|U is a line bundle on U . We have an isomorphism
π∗Λ : Cl(Q1)
∼
−→ Cl(U) = Cl(Q) where the projection πΛ : U → Q1 ⊂ P
3
is an affine bundle with fibre An−1 and Pic (Q1) = Pic (U) ≃ Z ⊕ Z.
We’ll show that IX/Q|U is of type (a,b), |a − b| ≤ 1, where IX/Q|U =
π∗Λ(OQ1(a, b)) for some a, b ∈ Z. The proof of case II will be deferred
until after some auxiliary propositions and lemmas.
Lemma 2.2. Let Xn ⊂ Pn+2, (n ≥ 2) be a locally Cohen-Macaulay subvariety
contained in a hyperquadric Q of rank 4. Then depthΛ (IX/Q) ≥ 3.
Proof. Since Λn−2 ⊂ Q ⊂ Pn+2 and Q is locally Cohen-Macaulay,
depthΛ (OQ) = inf
x∈Λ
depth (OQ,x) = depth (OQ,η) = height η = 3,
where η is the generic point of Λn−2. Since n − 4 ≤ dimZ ≤ n − 2 for any
irreducible component Z of X ∩ Λ, we get 2 ≤ depth (OX,℘) = dim (OX,℘) ≤ 4
for any minimal prime ideal ℘ containing IX and IΛ. Therefore, depthΛ (OX) ≥
2 whenever X ∩Λ 6= φ. From a long exact sequence of local cohomology groups
(2.2.1) H0Λ(Q, IX/Q) −→ H
0
Λ(Q,OQ) −→ H
0
Λ(Q,OX)
δ
−→ H1Λ(Q, IX/Q) −→ H
1
Λ(Q,OQ) −→ H
1
Λ(Q,OX)
−→ H2Λ(Q, IX/Q) −→ H
2
Λ(Q,OQ) −→ H
2
Λ(Q,OX) −→
Since depthΛ (OQ) = 3 and depthΛ (OX) ≥ 2, by using Theorem 1.2.,
depthΛ (IX/Q) ≥ min (depthΛ (OQ), depthΛ (OX) + 1) = 3.

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Corollary 2.3. We have isomorphisms Hi(Q, IX/Q(m)) ≃ H
i(U , IX/Q(m)|U ),
for all m ∈ Z and i = 0, 1.
Proof. For a coherent sheaf IX/Q(m) on Q, we have a long exact sequence of
cohomology groups
(2.3.1)
0 −→
−→
−→
H0Λ(Q, IX/Q(m))
H1Λ(Q, IX/Q(m))
H2Λ(Q, IX/Q(m))
−→ H0(Q, IX/Q(m))
−→ H1(Q, IX/Q(m))
−→ H2(Q, IX/Q(m))
−→ H0(U , IX/Q(m)|U )
−→ H1(U , IX/Q(m)|U )
−→ H2(U , IX/Q(m)|U )
By Theorem 1.2 and Lemma 2.2, HiΛ(Q, IX/Q(m)) = 0 for i = 0, 1, 2. Therefore,
we have isomorphisms Hi(Q, IX/Q(m)) ≃ H
i(U , IX/Q(m)|U ), i = 0, 1. 
Lemma 2.4. Let Q = ProjC[x0, x1, . . . , xn+2]/(x0x3−x1x2) be a hyperquadric
of rank 4 in Pn+2 with a vertex Λ = Z(x0, x1, x2, x3) and Λ = P(V ), V =
Cx4 ⊕ Cx5 ⊕ · · · ⊕ Cxn+2. Let πΛ : U = Q − Λ → Q1 be a projection from the
center Λ. Then πΛ∗OU =
⊕∞
m=0S
mV ⊗OQ1(−m).
Proof. Let {D+(xi)|i = 0, 1, 2, 3} be the standard covering of Q1 and Ai =
C[x0xi , . . . ,
x3
xi
]/(x0xi
x3
xi
− x1xi
x2
xi
) be the affine coordinate ring of Q1 ∩ D
+(xi) for
i = 0, 1, 2, 3. Then
πΛ|D+(xi) : SpecAi[
x4
xi
,
x5
xi
, . . . ,
xn+2
xi
]→ SpecAi
is a restriction of πΛ. On D
+(xi) ∩D
+(xj), (
xk
xi
)m = (
xj
xi
)m · (xkxj )
m, 0 ≤ i, j ≤
3, and 4 ≤ k ≤ n+2. Furthermore, (
xj
xi
)m is the transition function ofOQ1(−m).
Therefore,
πΛ∗OU =
⊕∞
m=0
Sm(V )⊗OQ1(−m),
where Λ = P(V ) and Sm(V ) is the m-th symmetric power of V = Cx4 ⊕ · · · ⊕
Cxn+2. This completes the proof of Lemma 2.4. 
Proposition 2.5. Under the same situation as Lemma 2.2,
(1) |a− b| ≤ 1, where IX/Q|U ≃ π
∗
Λ(OQ1(a, b))
(2) H1(Q, IX/Q(k)) = 0 for all k ∈ Z
Proof. Under the isomorphisms π∗Λ : Cl(Q1)
∼
−→ Cl(U) = Cl(Q) and Cl(Q1) ≃
Cl(P1×P), we have IX/Q|U = π
∗
Λ(OQ1(a, b)) for some a, b ∈ Z and IX/Q(k)|U =
π∗Λ(OQ1(a+k, b+k)). Since πΛ is an affine morphism, so R
iπΛ∗(OU ) = 0, i > 0
and Hi(U , IX/Q(k)|U) = H
i(U , π∗ΛOQ1(a + k, b + k)) = H
i(Q1,OQ1(a + k, b +
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k)⊗ πΛ∗OU ) for all i ≥ 0. Therefore, for all i = 0, 1,
Hi(Q, IX/Q(k)) ∼= H
i(U , IX/Q(k)|U )
∼= Hi(Q1,OQ1(a+ k, b+ k)⊗ πΛ∗OU )
∼=
⊕∞
m=0
Sm(V )⊗Hi(Q1,OQ1(a+ k −m, b+ k −m)).
Since Q1 ≃ P
1 × P1, it follows immediately from the Ku¨nneth formula,
H1(Q, IX/Q(k))
∼=
⊕∞
m=0
Sm(V )⊗H1(Q1,OQ1(a+ k −m, b+ k −m))
∼=
⊕∞
m=0
{Sm(V )⊗H1(P1,OP1(a+ k −m)⊗H
0(P1,OP1(b+ k −m))}⊕
{Sm(V )⊗H0(P1,OP1(a+ k −m)⊗H
1(P1,OP1(b+ k −m))}
By Serre’s vanishing Theorem, H1(Q, IX/Q(k)) = 0 for k >> 0. Therefore,
H1(Q1,OQ1(a+ k −m, b+ k −m)) = 0, for all m ∈ Z
+ and for all k >> 0.
Let’s fix an integer k0 such that H
1(Q, IX/Q(k0)) = 0 and assume b ≥ a. We
know that in general,
h0(OP1(b+ k0 −m)) = h
0(OP1(a+ k0 −m)) = 0, for all m ≥ b+ k0 + 1
h1(OP1(b+ k0 −m)) = h
1(OP1(a+ k0 −m)) = 0, for all m ≤ a+ k0 + 1
If a+ 2 ≤ b, then {m|a+ k0 + 2 ≤ m ≤ b+ k0} is not empty. This implies that
H1(Q1,OQ1(a+ k0 −m, b+ k0 −m)) 6= 0 for m = a+ k0 + 2,
which contradicts the fact that H1(Q, IX/Q(k0)) = 0. So |a − b| ≤ 1. In
particular, by repeating this argument, H1(Q, IX/Q(k)) = 0 for all k ∈ Z. 
Now let’s go back to the proof of Case II in Theorem 2.1. Consider the exact
sequence
0→ IQ/Pn+2(k)→ IX/Pn+2(k)→ IX/Q(k)→ 0
Since h1(Pn+2
C
, IQ/Pn+2(k)) = h
1(Q, IX/Q(k)) = 0 for all k ∈ Z, we have
h1(IX/Pn+2(k)) = 0 for all k ∈ Z. Furthermore, if IX/Q|U ∼= π
∗
ΛOQ1(−a,−a) for
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some a > 0, then X−Λ is linearly equivalent to (a, a)-type in C l(U) ∼= Z⊕Z. So
X is also linearly equivalent to a class of type (a, a) in C l(Q) and deg (X) = 2a.
On the other hand, we know that
H0(Q, IX/Q(a)) ∼= H
0(U , IX/Q(a)|U)
∼=
∞⊕
m=0
Sm(V )⊗H0(Q1,OQ1(−m,−m))
∼=
∞⊕
m=0
Sm(V )⊗H0(P1,OP1(−m)) ⊗H
0(P1,OP1(−m))
∼= C
From the exact sequence
0→ H0(Pn+2,OPn+2(a−2))
×Q
−→ H0(Pn+2, IX/Pn+2(a))→ H
0(Q, IX/Q(a))→ 0
we get h0(Pn+2, IX/Pn+2(a)) = h
0(Pn+2,OPn+2(a− 2)) + 1 and X is a complete
intersection of Q and another hypersurface of degree a.
Similarly, if IX/Q|U ∼= πΛ∗OQ1(−a,−a + 1) in Pic (U), then X is linearly
equivalent to (a, a− 1)-type in C l(Q) and deg (X) = 2a− 1. Note that
(∗)
H0(Q, IX/Q(a)) ∼= H
0(U , IX/Q(a)|U)
∼=
∞⊕
m=0
Sm(V )⊗H0(Q1,OQ1(−m,−m+ 1))
∼=
∞⊕
m=0
Sm(V )⊗H0(P1,OP1(−m))⊗H
0(P1,OP1(−m+ 1))
∼= C⊕ C
and h0(Pn+2, IX/Pn+2(a)) = h
0(Pn+2,OPn+2(a − 2)) + 2. Hence X is linked to
L ∼= Pn via a complete intersection of Q and another hypersurface of degree
a. By the way, the property of being projectively Cohen-Macaulay is invariant
in a liaison class by Theorem 1.3,(1). Thus X is projectively Cohen-Macaulay
because Ln is projectively Cohen-Macaulay.
Case III: rank (Q) = 3. We may assume that V = Cx3⊕Cx4⊕· · ·⊕Cxn+2,
Sing (Q) = Λn−1 = P(V ), Q =< C,Λ >, where C is a smooth conic in P2. Since
X is locally Cohen-Macaulay, we can get depthΛ (OQ) = 2 and depthΛOX ≥
1. Hence, by (2.2.1), HiΛ(Q, IX/Q) = 0 for i = 0, 1 and H
0(Q, IX/Q(m)) ∼=
H0(U , IX/Q(m)|U ). Note that C l(Q) ∼= C l(U) ∼= C l(C) ∼= C l(P
1) ∼= Z. If
10 S. Kwak, Castelnuovo-Mumford regularity bound
IX/Q|U = π
∗
Λ(OC(−a)) = π
∗
Λ(i
∗(OP1(−2a))) for some a > 0, where i : C → P
1
is an isomorphism, we have deg (X) = 2a and
H0(Q, IX/Q(a)) ∼= H
0(U , IX/Q(a)|U) ∼=
∞⊕
m=0
Sm(V )⊗H0(C,OC(−m)) ∼= C,
and the exact sequence
0→ H0(Pn+2,OPn+2(a−2))
×Q
−→ H0(Pn+2, IX/Pn+2(a))→ H
0(Q, IX/Q(a))→ 0
implies that X is a complete intersection of Q and another hypersurface F of
degree a.
Next, if IX/Q|U ∼= π
∗
Λ(i
∗OP1(−2a+ 1)), then deg (X) = 2a− 1 and
(∗∗)
H0(Q, IX/Q(a)) ∼= H
0(U , IX/Q(a)|U)
∼= H0(C, i∗OP1(−2a+ 1)⊗OC(a)⊗ πΛ∗OU )
∼=
∞⊕
m=0
Sm(V )⊗H0(C, i∗OP1(−2a+ 1)⊗OC(a−m))
∼=
∞⊕
m=0
Sm(V )⊗H0(P1,OP1(−2m+ 1)) ∼= C⊕ C
Similarly, X + Ln is linearly equivalent to Q · F , where F is a hypersurface of
degree a. As in the case II, X is projectively Cohen-Macaulay. This completes
the proof of Theorem 2.1. 
Remark 2.6. For smooth surfaces in P4, Theorem 2.1 was also proved by A.Aure
and L.Roth , see [Au] [Ro].
Corollary 2.7. Let Xn ⊂ Pn+2 (n ≥ 2) be a locally Cohen-Macaulay subvariety
contained in a hyperquadric Q of rank 3(resp., 4) with Sing (Q) = Λ Then,
(1) depthΛ (IX/Q) = 2 (resp., 3)
(2) If X is not a complete intersection, then Sing (Q) = Λ ⊂ X.
Proof. For a proof of (1), we first assume that rank (Q) = 3. Since X is projec-
tively Cohen-Macaulay, Hi(Pn+2, IX) = H
i(Q, IX/Q) = 0 for i = 1, 2. There-
fore, by (2.3.1), for k = 0 or k = 1,
H1(U , IX/Q|U) ≃
∞⊕
m=0
Sm(V )⊗H1(P1,OP1(−2m− 2a+ k)) ≃ H
2
Λ(Q, IX/Q),
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which is obvious nonzero and so by Theorem 1.2., depthΛ (IX/Q) = 2. Similarly,
in the case of rank (Q) = 4, we have an exact sequence
0→ H2(U , IX/Q|U )→ H
3
Λ(Q, IX/Q)→ H
3(Q, IX/Q)→ 0
Note that for surface X , h3(Q, IX/Q) = h
3(P4, IX/P4) = h
2(X,OX) may not be
zero. By the way, depthΛ (IX/Q) = 3 becauseH
2(U , IX/Q|U ) ≃
⊕∞
m=0 S
m(V )⊗
H2(Q1,OQ1(−m− a,−m− b)), |a− b| ≤ 1 is nonzero.
For (2), by Theorem 2.1, we know that X = Q ∩ F1 ∩ F2, where Fi is a
homogeneous polynomial of degree a, deg (X) = 2a− 1 and Q ∩ Fi = X ∪ Li,
Li =< Λ, ℓi > where ℓi is a line in Q1 ⊂ P
3 ( or ℓi is one point of a smooth
conic C in P2 if rank (Q) = 3). Thus, Λ ⊂ X = Q ∩ F1 ∩ F2 
Remark 2.8. It is well-known that if Xn ⊂ Pn+2, n ≥ 5 and X a locally Cohen-
Macaulay variety, then X is a complete intersection if and only if X is projec-
tively Cohen-Macaulay, see [PSz].
Proposition 2.9. If a locally Cohen-Macaulay variety Xn ⊂ Pn+2, (n ≥ 2) is
contained in a hyperquadric Q and is not a complete intersection, then
(1) The saturated ideal IX =
⊕
m∈ZH
0(Pn+2, IX(m)) is generated by poly-
nomials Q,F1, F2, deg (Fi) = a and deg (X) = 2a− 1.
(2) reg (X) = deg (X)+1
2
= a.
Proof. Since X is not a complete intersection, rank (Q) = 3 or 4, as we have
already noted. Assume that IX/Q|U = π
∗
Λ(OQ1(−a,−a+1)) or π
∗
Λ(i
∗OP1(−2a+
1)) as in the proof of Theorem 2.1. By (∗) and (∗∗), we can show that for a ≥ 2
h0(Q, IX/Q(k)) =
{
0 when 2 ≤ k < a,
2 when k = a.
Let α(IX) = min {i ∈ Z : h
0(IX(i)) 6= 0} = 2 and ν(IX) =number of minimal
generators of the saturated ideal IX of X . Since X is projectively Cohen-
Macaulay of codimension two, we have ν(IX) = α(IX) + 1 = 3 (see [Mi],
Corollary 2.2.3.). Therefore, the saturated ideal IX =
⊕
m∈ZH
0(Pn+2, IX(m))
is generated by polynomials Q,F1, F2, deg (Fi) = a. For a proof of (2), from
(∗) and (∗∗), we have h0(Q, IX/Q(a + 1)) = 2n + 4. The vector space of all
polynomials of the form c1F1 · L1 + c2F2 · L2, where L1 and L2 are arbitrary
linear forms, has dimension (2n+ 6). This implies that there are two relations
among minimal generators Q,F1, F2 in degree (a + 1). Thus, the minimal free
resolution for IX is a short exact sequence as follows:
0→ S(−a− 1)⊕ S(−a− 1)→ S(−2)⊕ S(−a)⊕ S(−a)→ IX → 0.
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Consequently, reg (X) = deg (X)+12 = a. 
Remark 2.10. If X ⊂ PN is a complete intersection defined by polynomials
F1, F2, · · · , Fe, deg (Fi) = di, e = codim (X,P
N), then it is easily checked that
reg (X) = d1 + d2 + · · ·+ de − e+ 1.
Theorem 2.11. Let X be a smooth threefold in P5 which is not contained in
any hyperquadric Q. Then reg (X) ≤ deg (X) − 3. We also have reg (S) ≤
deg (S)− 3 for any regular surface S with h0(IS/P4(2)) = 0 in P
4 except for the
Veronese surface.
Proof. The following construction and technique are basically due to Lazarsfeld
[L] and Alzati [Al]. The author wants to give more simplified and self-contained
proof. Let P5 = ProjC[T0, T1, T2, T3, T4, T5]. Consider the following diagram
Blp(P
5) = P(OP4(1)⊕OP4)
pi2−−−−→ P4
pi1
y
X ⊂ P5
where p = (0, 0, 0, 0, 0, 1) /∈ X and πp : P
5
99K P4 is a generic projection, which
commutes with the above diagram, i.e. π2 ◦ π
−1
1 |X = πp |X . Therefore, the
natural morphism OP5(k)→ OX(k) induces a morphism
wk : π2∗(π
∗
1OP5(k))
∼= Symk(OP4(1)⊕OP4)→ π2∗(π
∗
1OX(k)) ≃ πp∗OX(k).
By Theorem 1.4 (the (dimension+2)-secant Lemma), the length of each fibre
of πp is at most 4. Let Ly be the line through p,y. Then
w3 ⊗ C(y) : H
0(Ly,OLy (3))→ H
0(Ly,Opi−1p (y)(3))
is surjective, i.e., the scheme-theoretic fibre π−1p (y) is 3-normal for all y ∈ πp(X)
and by tensoring OP4(−3), we have an exact sequence,
0→ E → OP4(−3)⊕OP4(−2)⊕OP4(−1)⊕OP4
w3⊗OP4 (−3)−−−−−−−−→ πp∗OX → 0
where E = Kerw3 ⊗OP4(−3).
Lemma 2.12. The vector bundle E = Kerw3⊗OP4(−3) controls the regularity
of X, i.e., reg (X) ≤ reg (E).
Proof. According to Lazarsfeld [L], this is due to Gruson and Peskine. Suppose
that E is (m + 1)-regular: in other words, Hi(P4, E(m + 1 − i)) = 0, i >
0. We’ll show that X is (m + 1)-regular, equivalently, X is m-normal and
Hi(X,OX(m− i)) = 0, i ≥ 1. Consider the sequence
0→ E → OP4(−3)⊕OP4(−2)⊕OP4(−1)⊕OP4
w3⊗OP4 (−3)−−−−−−−−→ πp∗OX → 0
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Since H1(P4, E(m)) = 0, the following morphism
H0(OP4(m− 3))⊕H
0(OP4(m− 2))⊕H
0(OP4(m− 1))⊕H
0(OP4(m))
H0(w3)
y
H0(πp∗OX(m))
is surjective, where H0(πp∗OX(m)) ≃ H
0(X,OX(m)) and H
o(w3) maps
Fi ∈ H
0(OP4(m− i)) to Fi · T
i
5 for i = 0, 1, 2, 3. Hence X is m-normal.
Secondly, Hi(P4, E(m + 1 − i)) = 0, i ≥ 2 implies Hi(X,OX(m − i)) = 0
for i ≥ 1. Indeed, from the exact sequence
0→ E → OP4(−3)⊕OP4(−2)⊕OP4(−1)⊕OP4
w3−→ πp∗OX → 0
we get , for i ≥ 1,
Hi(X,OX(m− i)) = H
i(P4, πp∗OX(m− i)) = H
i+1(P4, E(m− i)) = 0
Therefore, X is (m+ 1)-regular, and reg (X) ≤ reg (E). 
Claim. E∗ is (−3)-regular for a smooth 3-fold X in P5.
Proof of Claim. Note that E∗ is (−3)-regular if and only if Hi(P4,E∗(−3 −
i)) = 0, i = 1, 2, 3, 4. For i = 1, h1(E∗(−4)) = h3(E(−1)) = h2(πp∗OX(−1)) =
h2(OX(−1)) = 0 by Kodaira’s vanishing theorem. When i = 2, h
2(P4,E∗(−5))
= h2(E) = h1(πp∗OX) = h
1(OX) = 0 by the Barth-Larsen theorem [B]. For
i = 3, h3(P4,E∗(−6)) = h1(E(1)) = 0 because we have the following exact
sequence
H0(OP4(−2)⊕OP4(−1)⊕OP4 ⊕OP4(1))
α
−→ H0(OX(1))→ H
1(E(1))→ 0
and α is surjective by Zak’s linear normality theorem [Z]. Finally, if i = 4, then
h4(E∗(−7)) = h0(E(2)) = 0 because X is not contained in any hyperquadric
and hence
H0(P4,OP4(−1)⊕OP4 ⊕OP4(1)⊕OP4(2))→ H
0(P4, πp∗OX(2))
is injective. Therefore, E∗ is (−3)-regular. This completes the proof of our
claim. 
Now, let’s go back to the proof of Theorem 2.11. Note that E ≃ ∧3E∗ ⊗
detE, rank (E) = 4. So, by Lemma 1.1, reg (E) ≤ reg (
∧3
(E∗)) + reg (det (E))
≤ d− 3 where det(E) = OP4(−6− d) and reg (det(E)) = d+ 6. Thus
reg (IX) = reg (X) ≤ reg (E) ≤ d− 3
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Furthermore, suppose that S is a smooth regular surface in P4 with degree d
and h0(IS(2)) = 0. By the same generic projection method, we have an exact
sequence
0→ E → OP3(−2)⊕OP3(−1)⊕OP3
w2⊗OP3 (−2)−−−−−−−−→ πp∗OS → 0
Since S is linearly normal and h1(OS) = 0, by a similar method, E
∗ is (−3)-
regular and reg (S) ≤ reg (E) = reg (
∧2
(E∗)⊗ det(E)) ≤ d− 3 
Remark 2.13.
(a) Such a bound (d − 3) in Theorem 2.11 is the best possible because, as
shown in example 2.0., the dependency locus X0 of four generic sections
of ΩP5(2) has degree 7 and reg (X) = 4. Such a threefold is called the
Palatini scroll of degree 7 which is not 3-regular.
(b) By Proposition 2.9 and Theorem 2.11, for a smooth 3-fold X in P5,
reg (X) ≤ d− 1 and reg (X) = d− 1 if and only if X has degree 3 or 4,
i.e., it is either the Segre threefold or the complete intersection of two
quadrics.
(c) Theorem 2.11 is also true for smooth 3-folds in P5 defined over any alge-
braically closed field of characteristic zero because Kodaira’s vanishing
theorem can be extended to this case.
Corollary 2.14. Let X be a smooth 3-fold in P5 of degree d. Then X is k-
normal for k ≥ d− 4. The Palatini scroll of degree 7 which, as we have already
noted, is not 2-normal, shows that this is the optimal bound.
Proof. By Theorem 2.1 and Theorem 2.11, this is clear. 
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